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Abstract
We study finite isospin chiral perturbation theory (χPT) in a uniform external magnetic field and find the con-
densation energy of magnetic vortex lattices using the method of successive approximations (originally used by
Abrikosov) near the upper critical point beyond which the system is in the normal vacuum phase. The difference
between standard Ginzburg-Landau (GL) theory (or equivalently the Abelian Higgs model) and χPT arises due
to the presence of additional momentum-dependent (derivative) interactions in χPT and the presence of electro-
magnetically neutral pions that interact with the charged pions via strong interactions but do not couple directly
to the external magnetic field. We find that while the vortex lattice structure is hexagonal similar to vortices in
GL theory, the condensation energy (relative to the normal vacuum state in a uniform, external magnetic field) is
smaller (larger in magnitude) due to the presence of derivative interactions. Furthermore, we establish that neutral
pions do not condense in the vortex lattice near the upper critical field.
1. Introduction
Quantum Chromodynamics (QCD) is the theory of
strong interactions with a very rich phase structure that
exhibits chiral symmetry breaking in the QCD vacuum
and color confinement. It also has a rich structure in
the presence of an external magnetic field, which is of
relevance in various physical scenarios including mag-
netars, which can possess fields of order 1010 T [1] and
RHIC collisions, which involve beams of charged nu-
clei that produce magnetic fields of order 1016 T [2].
In the presence of magnetic fields, the QCD vacuum is
known to exhibit dimensional reduction [3], whereby
the pairing of quarks and antiquarks via the chiral con-
densate [4, 5, 6] is enhanced (magnetic catalysis at zero
temperature) and the vacuum also exhibits supercon-
ductivity through ρ−meson condensation [7, 8].
In this paper, we will study the effect of an external
uniform magnetic field in the context of finite isospin
three-color, two-flavor χPT. The problem (at zero ex-
ternal electromagnetic field) was first considered by
Son and Stephanov [9, 10]. It was found that for chem-
ical potentials greater than the pion mass, a condensate
of pions is formed in the QCD vacuum. The χPT re-
sults are model independent and valid if the parame-
ters involved (x) satisfy x  Λhadr ∼ 4pi fpi , where x
can be momentum (p), mass (mpi ), isospin chemical
potential (µI), temperature (T ) or an external magnetic
field (
√
eH). Similar studies at finite isospin and fi-
nite baryon densities have been performed in QCD
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with different representations (of quarks) and number
of colors [11] including two-color, two-flavor, which
possess a rich phase structure [12] with both pion and
diquark condensation and an unusual first order transi-
tion [13] and QCD with arbitrary number of quarks in
the adjoint representation. Furthermore, finite isospin
QCD has been extended to asymptotically large isospin
chemical potentials [14], where χPT is not valid but
analytical studies are still possible due to asymptotic
freedom and the ability to find the BCS gap similar
to large baryon chemical potentials, where QCD ex-
hibits color-flavor-locking [15, 16]. Most recently, fi-
nite isospin QCD has been studied using lattice meth-
ods for a wide range of chemical potentials (including
intermediate ones). Additionally, there is also a model-
dependent study based on the quark-meson model that
incorporates quarks fluctuations (at one-loop in the
on-shell renormalization scheme) with results that are
largely in agreement with lattice results [17].
A number of important results have been found in
these most recent studies: there is a second order phase
transition to a pion condensed phase for chemical po-
tentials greater than the pion mass (in the normaliza-
tion of Refs. [9, 10], which we use in this paper).
This transition remains largely unaffected at finite tem-
perature up to ∼ 150 MeV. For chemical potentials
larger than ∼ 1.2mpi , the “pion condensed" phase is
sustained up to temperatures of ∼ 160 MeV up to a
chemical potential of ∼ 2mpi (which is the maximum
chemical potential probed by lattice QCD). There is
also a chiral (deconfinement) crossover transition at
temperatures of ∼ 160 MeV at zero isospin, which
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decreases steadily with increasing chemical potentials
and meets the pion phase transition line at µI ∼mpi and
T ∼ 151 MeV. The quark-meson model-based results
of Ref. [17] are largely in agreement with the lattice-
results except for the chiral (deconfinement) transi-
tion, which occurs at higher temperatures in the model,
which may be explained by the presence of only two
lightest quark flavors unlike the lattice study, which
also includes the strange quark.
While lattice studies of finite isospin QCD are pos-
sible due to the absence of the fermion sign problem
(unlike at finite baryon chemical potentials), the sign
problem reemerges when both isospin and magnetic
fields are present simultaneously due to flavor symme-
try breaking in the presence of an external electromag-
netic field [18], which leads to the loss of γ5 hermic-
ity unless the charges of the up and the down quarks
are equal and opposite. As such, χPT serves as a use-
ful effective theory in the study of the finite isospin
phase diagram in external magnetic fields. Previously,
in Ref. [19] it was suggested that pions behave like
type-II superconductors and the relevant single vortex
structures and the critical magnetic field, Hc1, where
the transition from superconducting pions to a single
pionic vortex, were found. We generalize and improve
upon the results by considering possible vortex lattice
solutions and the corresponding condensation energy
(density), relative to the normal vacuum in the pres-
ence of a uniform, external magnetic field. In this
study, as in Ref. [19], we ignore the electromagnetic
interactions between the condensed pions similar to
the study of (saturated) nuclear matter (for instance,
see Ref. [20]). The assumption is justified within the
regime of validity of χPT (see Ref. [19] for a detailed
discussion) since the interactions between pions are
dominated by strong interaction effects.
The paper is organized as follows: we begin in sec-
tion 2 with the χPT Lagrangian at finite isospin and
electromagnetic fields and briefly review the resulting
phase structure at zero external field. In section 3, we
summarize the argument for type-II superconductivity
in finite isospin χPT with a uniform, external magnetic
field that was first present in Ref. [19] and follow that
in section 4 with the computation of the magnetic vor-
tex lattice solutions and the corresponding condensa-
tion energy (relative to the normal vacuum in an ex-
ternal magnetic field). In subsection 4.1, we argue that
neutral pions do not condense within the magnetic vor-
tex lattice near the upper critical field and end with
concluding remarks in section 5.
2. Lagrangian and Superfluidity
We begin with the Lagrangian for chiral perturbation
theory at O(p2) in the presence of an isospin chemical
potential and an external electromagnetic field:
L =−1
4
FµνFµν +
f 2pi
4
Tr
[
DµΣ(DµΣ)†
]
+
f 2pim
2
pi
4
Tr
[
Σ+Σ†−21] , (1)
where Σ is an SU(2) matrix, mpi is the pion mass, fpi
is the pion decay constant, Fµν is the electromagnetic
tensor and DµΣ is a covariant derivative. They are de-
fined as:
Fµν ≡ ∂µAν −∂νAµ , (2)
DµΣ≡ ∂µΣ− i[vµ ,Σ]
(DµΣ)† = ∂µΣ†− i[vµ ,Σ†] ,
(3)
vµ = δµ0µII− eAµQ , (4)
where Aµ is the electromagnetic gauge field, I the
isospin matrix and Q the charge matrix. These ma-
trices are defined as
I = diag
(
1
2
,−1
2
)
=
1
2
τ3 ,
Q = diag
(
2
3
,−1
3
)
=
1
6
1+
1
2
τ3 ,
(5)
where 1 is the 2× 2 identity matrix and τ3 the third
Pauli matrix. Finally, note we have added an arbi-
trary constant to the Lagrangian such that the normal
vacuum of QCD has zero energy. In the presence
of an isospin chemical potential (and no electromag-
netic fields), the system exhibits superfluidity for large
enough chemical potentials [9, 10]. This can be easily
seen using the parametrization
Σ= cosρ+ iφˆiτi sinρ , (6)
with the condition φˆiφˆi = 1 ensuring that the unitary
condition, Σ†Σ = 1, is satisfied. Here τi, where i =
1,2,3, represent the Pauli matrices. The resulting static
potential is
V =− f
2
pim
2
pi
2
[
2(cosρ−1)+ sin2ρ
{
µ2I
m2pi
(φˆ 21 + φˆ
2
2 )}
}]
,
(7)
From the potential, it is straightforward to note that
〈φˆ 21 + φˆ 22 〉= 1, i.e. 〈φˆ3〉= 0 (neutral pions do not con-
dense). Furthermore, the ground state of the system is
the normal vacuum, i.e. 〈ρ〉= 0 if µ2I
m2pi
≤ 1 and a system
of charged pions, i.e. 〈ρ〉= arccos
(
m2pi
µ2I
)
if µ
2
I
m2pi
≥ 1.
3. Type-II Superconductivity in χPT
A charged superfluid in the presence of an external
magnetic (which we will assume to be uniform and
pointing in the positive z-direction as is standard) is
expected to behave like a superconductor. If magnetic
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Figure 1: The plot shows a single vortex at µI = 1.5mpi . The solid
(blue) curve is the pion, the dashed (red) curve is the gauge field and
the dotted (black) curve shows 1er¯ , e =
√
4pi
137 . The scale is set by
the pion decay constant fpi with the definitions A¯ = A/ fpi , φ¯ = φ/ fpi
and r¯ = fpi r.
vortices (with quantized flux) are supported then the
system is a type-II superconductor, otherwise type-I.
A method for establishing the type of superconductiv-
ity is through the comparison of the first critical field
Hc (from a spatially uniform superconducting phase to
the normal phase) with Hc1 (from the spatially, uniform
superconducting phase to a single vortex). Hc and Hc1
can be found by comparing the Gibbs free energy (den-
sities) G of the relevant phases, defined as
G =H − ~M · ~H , (8)
whereH is the Hamiltonian (density) assuming time-
independence is,
H =
1
4
Fi jF i j +
f 2pi
4
Tr
[
DiΣ(DiΣ)†
]
− f
2
pim
2
pi
4
Tr
[
Σ+Σ†−21] , (9)
~M ≡ ~B− ~H is the magnetization (density), with ~B =
~∇×~A. In the uniform superconducting phase ~B = 0
and in the vortex phase, the magnetic fluxΦn = 2pin/e,
where n is a non-zero integer. This results in the fol-
lowing critical magnetic field [19] assuming type-I su-
perconductivity
Hc = fpimpi
(
µI
mpi
− mpi
µI
)
, (10)
and the following critical magnetic field assuming
type-II superconductivity (from the homogeneous su-
perconducting phase to the single vortex phase)
Hc1 =
string tension
flux
, (11)
where the string tension is the condensation energy
(not free energy) per unit length (relative to the super-
conducting phase) of a single vortex with flux, Φ1 =
2pi/e. If Hc1 <Hc, then the system behaves as a type-II
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Figure 2: The plot shows the phase diagram of χPT in an external
magnetic field H ≡Bext at different chemical potentials with γ ≡ µImpi .
The solid line is a first order transition from the uniform, supercon-
ducting phase to the vortex phase and the dashed line is a second or-
der transition from the vortex (lattice) phase to the normal vacuum.
The gray line represents Hc, which is the critical field from the uni-
form, superconducting phase to the normal vacuum, assuming type-I
superconductivity. See text for explanation.
superconductor. The condition implies that the surface
(free) energy [21] associated with magnetic vortices is
negative and thus its condensation is favored over the
transition to the normal vacuum.
In Fig. 2, we show the critical external field Hc1 1
from the spatially uniform, superconducting phase to a
single vortex phase, which breaks translational invari-
ance. We also show the critical external field Hc2 ≡ Bc
from the vortex lattice phase to the normal vacuum.
As the external field increases between Hc1 and Hc2
the population density of the vortices increases. Also,
in Fig. 2, we show the critical field Hc obtained assum-
ing type-I superconductivity. From the diagram, we
see that Hc > Hc1 for µI > mpi suggesting that pions in
χPT behave as type-II superconductors as pointed out
in Ref. [19].
4. Magnetic Vortex Lattice
While the lower critical field, Hc1, was found numer-
ically, the upper critical field Hc2 can be found using
the dispersion relation of a charged pion (with charge
±e), which becomes tachyonic for external magnetic
fields (H ≡ Bext) larger than
Hc2 ≡ Bc = µ
2
I −m2pi
e
, (12)
with e =
√
4pi
137 . The primary objective of this section
1Hc1 is found using the discretized version of the leading order
χPT Hamiltonian with discretization corrections of O(h2). The lat-
tice step h in units of fpi was taken to be in the range 0.045≤ h≤ 0.2
and the continuum Hc1 found by extrapolation. The box size L (in
units of fpi ) was in the range 18 ≤ L ≤ 30 for 3 ≥ γ ≥ 1.1, where
γ ≡ µImpi .
3
is to find the condensation energy associated with vor-
tex lattices and argue that the vortices arrange them-
selves in a hexagonal lattice similar to vortex lattices
in the Abelian Higgs Model. We define the condensa-
tion energy (of the vortex lattice) as
E ≡ 〈H 〉− 1
2
B2ext , (13)
where H is the Hamiltonian density, i.e. free energy
density of the vortex lattice, while 12 B
2
ext is the free en-
ergy density of the normal vacuum in a uniform exter-
nal magnetic field, Bext. The vortex lattice condenses
if E < 0. 〈O〉 is the expectation value of the operator,
O , over the transverse plane. It is defined as
〈O〉= 1
A⊥
∫
dxdy O , (14)
where the integral is being performed over the x− y
(transverse) plane and A⊥ is the area of the transverse
plane.
The magnetic field Bext is uniform and pointing in
the longitudinal (i.e. positive z) direction. We will find
the condensation energy in the regime
Bc−Bext
Bc
 1 , (15)
using Abrikosov’s method (of successive approxima-
tions). Using the non-linear parametrization for Σ,
Σ= exp
(
i
φ
fpi
)
, (16)
where
φ = φiτi =
(
φ3 φ1− iφ2
φ1+ iφ2 φ 3
)
≡
(
pi0
√
2pi+√
2pi− pi0
)
,
(17)
we can expand the O(p4) Lagrangian near the critical
field Bc assuming |pi+| & 0 in the regime defined in
Eq.( 15)
L ≡L4pi +δL , (18)
where L4pi are contributions to the χPT Lagrangian
with four or fewer pion fields (that contribute atO(p2))
and δL contains all other terms. (Single Vortices in
theories with derivatives interactions were first studied
in Ref. [22]L4pi is
L4pi =−14FµνF
µν + iµI(pi−∂0pi+−pi+∂0pi−)
− i 2µI
3 f 2pi
pi−pi+ (pi−∂0pi+−pi+∂0pi−)
+Dµpi+Dµ†pi−+(µ2I −m2pi)pi−pi+
− 4µ
2
I −m2pi
6 f 2pi
pi2+pi
2
−−
1
3 f 2pi
pi−pi+Dµpi+Dµ†pi−
+
1
6 f 2pi
[
pi2+D
†
µpi−D
µ†pi−+pi2−Dµpi+D
µpi+
]
+
1
2
∂µpi0∂ µpi0− 12m
2
pipi
2
0
+
m2pi
24 f 2pi
pi40 +
m2pi
2 f 2pi
pi20pi−pi+ ,
(19)
where
Dµpi+ = (∂µ + ieAµ)pi+
D†µpi− = (∂µ − ieAµ)pi− .
(20)
We proceed by assuming that pi0 = 0. However, this as-
sumption needs to be justified within χPT since neutral
particles are known to condense in vortex phases [23].
We will discuss the issue of neutral pion condensation
further in section 4.1. The equation of motion of L4pi
for pi+ ignoring pi0 is
DµDµpi+− (µ2I −m2pi)pi++
4µ2I −m2pi
3 f 2pi
(pi−pi+)pi+
− 1
3 f 2pi
Dµ [(Dµpi+)pi−pi+]+
1
3 f 2pi
Dµ
[
(Dµ†pi−)pi+pi+
]
+
1
3 f 2pi
(D†µpi−)(D
µpi+)pi+− 13 f 2pi
(Dµpi+)(Dµpi+)pi− = 0 .
(21)
and that of the electromagnetic field is
∂µFµν =− jν , (22)
where the electromagnetic current is
jν =−ie[pi−Dµpi+− (Dµ†pi−)pi+][1− 23 f 2pi pi−pi+
]
.
(23)
The equation of motion for the electromagnetic fields
is unmodified by the presence of neutral pions.
Assuming time-independence and the absence of
electric fields, i.e. A0 = 0 [19], we can use the equa-
tions of motion for pi+ to rewrite the Hamiltonian con-
4
taining up to four fields.
H4pi =
1
2
B2+
f 2pi
4
Dipi−Dipi+− 4µ
2
I −m2pi
6 f 2pi
(pi−pi+)2
+
1
3 f 2pi
(D†i pi−)(Dipi+)pi−pi+
− 1
6 f 2pi
[
(D†i pi−)
2pi2++(Dipi+)
2pi2−
]
+ · · · ,
(24)
where we have ignored terms with more than four
scalar fields in the O(p2) Lagrangian. Note that in
the absence of derivative interactions inH4pi above re-
duces to the standard Abelian Higgs Model result [24].
We use the following notation in what follows:
z = x+ iy, z = x− iy
∂ =
1
2
(∂x− i∂y), ∂ = 12 (∂x+ i∂y) .
(25)
We proceed by using the method of successive ap-
proximations to find the vortex lattice solution and the
condensation (free) energy relative to the normal vac-
uum (which has a free energy of 12 B
2
ext). The method
is a perturbative expansion with the following power
counting scheme
B = B0+ ε2δB
pi+ = εp˜i++ ε3δpi+
(26)
At leading order, i.e. O(ε), within the method of suc-
cessive approximations, B0 =Bc (see Eq. (12)), and p˜i+
satisfies the following linearized equation of motion(
2∂ +
eB0
2
z
)
p˜i+ = 0 , (27)
the solutions of which are the Landau level wave func-
tions, which in the symmetric gauge assume the fol-
lowing form [24, 25].
p˜i+ =
∞
∑
n=−∞
Cnφn(ν ,z, z¯)
φn(ν ,z, z¯) = e
−piν2n2− pi2LB0 (|z|
2+z2)+ 2piLB0
νnz
,
(28)
where LB0 =
√
2pi
B0
. It is standard to consider the most
symmetric solutions, i.e. periodic lattice solutions,
which requires choosing Cn = Cn+N . (For N = 1, the
solution is a square lattice, for N = 2 it is a hexagonal
lattice and N = 3 it is a paralleogrammic lattice. For
further possibilities and details, see Ref. [24]) We note
that for B = Bc, |pi+|= 0. For fields Bext . Bc, we ex-
pect |pi+|& 0. In order to find the condensation energy
and the charged pion field pi+ below the critical field,
we need to work at next to leading order, i.e. O(ε3).
The equation of motion for B at O(ε3) can be written
in terms of F12 ≡−B (the other components of Fi j are
zero), in the following form
∂B =
j2− i j1
2
=−e∂ (p˜i−p˜i+)
[
1− 2
3 f 2pi
p˜i−p˜i+
]
,
(29)
Solving Eq. (29), we find that B is given by
B = Bext− e(p˜i−p˜i+−〈p˜i−p˜i+〉)
+
e
3 f 2pi
(
(p˜i−p˜i+)2−〈(p˜i−p˜i+)2〉
)
δB = B−Bc ,
(30)
where an arbitrary constant that arises in solving the
first order Eq. (29) is fixed by the conservation of mag-
netic flux, i.e. 〈B〉 = Bext [24]. Similarly, the next to
leading order, i.e. O(ε3), equation of motion (For de-
tails of the calculation, see Ref. [26]) for the charged
pion field, pi+, gives rise to following condition
〈(p˜i−p˜i+)2〉= e(Bc−Bext)〈p˜i−p˜i+〉− e〈p˜i−p˜i+〉
2
2µ2I +m
2
pi
3 f 2pi
− e2
+O((p˜i−p˜i+)3) .
(31)
Since our goal is to find the condensation energy at
O(ε4), we need to evaluate the expectation value of the
Hamiltonian density in Eq. (24). The difference from
the Abelian Higgs model is the presence of derivative
interactions. The expectation value of the first deriva-
tive interaction term can be simplified using the equa-
tions of motion at O(ε4):
〈(D†i p˜i−)(Dip˜i+)p˜i−p˜i+〉= (µ2I −m2pi)〈(p˜i−p˜i+)2〉
+O((p˜i−p˜i+)3)
(32)
and the expectation value of the second derivative in-
teraction term vanishes at O(ε4) in a uniform, external
magnetic field due to Eq. (27), i.e.
〈(D†i p˜i−)2p˜i2++(Dip˜i+)2p˜i2−〉= O((p˜i−p˜i+)3) . (33)
Using the above expectation values and the result of
Eq. (30) in Eq. (24), the expectation value of the
Hamiltonian density over the transverse plane valid at
O(ε4) near the upper critical field (Bc) is
〈H 〉= 1
2
B2ext− e(Bc−Bext)〈p˜i−p˜i+〉+
e2
2
〈p˜i−p˜i+〉2
+
1
2
(
2µ2I +m2pi
3 f 2pi
− e2
)
〈(p˜i−p˜i+)2〉+O((p˜i−p˜i+)3) .
(34)
This expectation value reduces to that of the Abelian
Higgs model of Ref. [24] in the absence of derivative
interactions, which is easily checked by removing the
derivative interactions in Eq. (24).
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Figure 3: The plot shows the condensation energy of the vortex
lattice for three different values of the isospin chemical potential(
γ ≡ µImpi
)
: γ = 1 (green, dotted), γ = 1.25 (dashed) and γ = 1.50
(blue, solid).
By using the definition of the Abrikosov ratio [24,
25, 27],
βA ≡ 〈(p˜i−p˜i+)
2〉
〈p˜i−p˜i+〉2 , (35)
we can write 〈H 〉 in terms 〈pi+pi−〉 and βA. Then, min-
imizing 〈H 〉 with respect to 〈pi−pi+〉 (subsequently,
we will minimize with respect to βA), gives up to
O(ε4):
∂ 〈H 〉
∂ 〈p˜i−p˜i+〉 = 0 =⇒ 〈p˜i−p˜i+〉=
e(Bc−Bext)
βA
(
2µ2I +m
2
pi−e2
3 f 2pi
)
+ e2
.
(36)
Plugging this result into Eq. (34) and then into
Eq. (13), we get the following expression for the vor-
tex lattice condensation energy (relative to the normal
vacuum in a uniform magnetic field):
E =− e
2(Bc−Bext)2
2e2+βA
(
2µ2I +m
2
pi
3 f 2pi
− e2
) +O ((Bc−Bext)4) ,
(37)
which is valid at or below the critical field Bc, above
which E = 0. It is evident from the above expres-
sion that the condensation energy is minimized by the
smallest possible βA, which is assumed by a hexagonal
(triangular) lattice structure with [27, 28]
βA = 1.159595 . . .
ν =
4
√
3√
2
.
(38)
Furthermore as discussed in full detail in Ref. [24], in
Eq. (28), we set
Cn =Cn+2
with C0 ≡C and C1 = iC .
(39)
In Fig 3, we show the vortex lattice condensation
energy as a function of Bext/Bc. The vortex lattice be-
comes the normal vacuum when Bext = Bc and the con-
densation energy becomes zero thereafter. As Bext de-
creases below Bc, |pi+| increases. Furthermore, with
increasing isospin chemical potential, the superfluid
pion density increases and the vortex lattices have a
more negative condensation energy. The vortex lattices
also have a smaller (larger in magnitude) condensation
energy than they would in the absence of derivative in-
teractions.
For an external magnetic field, Bext . Bc, the vortex
lattice solution [24] is modified (with Bc→ Bext) such
that it satisfies the flux quantization condition [29, 30]
Bext
∣∣∣~d1× ~d2∣∣∣= 2pine , (40)
where n = 1 in each unit cell. In the symmetric gauge
(for lattice solutions in non-symmetric gauges, see
Refs. [25, 27, 31])
Ax =−Bext2 y, Ay =
Bext
2
x (41)
can be written using Eqs. (28) and (39) in terms of the
third Jacobi (elliptic) theta function θ3, a variational
parameter [24] which was found to be ν =
4√3√
2
for
the hexagonal lattice and the modified magnetic length
LB =
√
2pi
eBext
with the following result for p˜i+:
p˜i+ =
C
2ν
[
e
− piy(−ix+y)
L2B θ3
(−pi(x+ iy)
2LBν
,e−
pi
4ν2
)
+ie
− piy(−ix+y)
L2B θ3
(−pi(x+ iy−LBν)
2LBν
,e−
pi
4ν2
)]
.
(42)
We find using the above expression that [24]
〈p˜i−p˜i+〉= |C|
2
4
√
3
〈(p˜i−p˜i+)2〉= βA|C|
4
√
3
(43)
which is independent of Bext. Plugging these into
Eq. (34) and minimizing with respect to |C| results in
the following expression for |C|
|C|=
√√√√√ 3 14 e(Bc−Bext)
βA
(
2µ2I +m
2
pi
3 f 2pi
− e2
)
+ e2
, for Bext ≤ Bc
|C|= 0 , for Bext ≥ Bc .
(44)
Note that, |C| → 0 as Bext→ Bc as expected. Also, p˜i+
is a periodic function with lattice vectors ~d1 = LBν (0,1)
and ~d2 = LBν
( √
3
2 ,
1
2
)
that lie on the transverse plane.
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Figure 4: Density plots (|pi+|) of vortex lattices in a square region of size 0.02×0.02 MeV−2 on the transverse plane (x-y) for three different
values of the isospin chemical potential. From left to right, γ
(
≡ µImpi
)
= 1.25, 1.5, 1.75, for which the values of |C|2(see Eq. (44)) are 40.32,
65.68 and 84.01 (to 4 sf) respectively. The contour lines connect regions with equal isospin density and have the same normalization across
all three plots. The color shades, on the other hand, are normalized separately for each plot.
We plot the vortex lattices, in particular (p˜i−p˜i+),
in Fig. 4 for three different chemical potentials: γ ≡
µI
mpi
= 1.25, 1.50, 1.75. As the isospin chemical po-
tential increases, the spatial density of vortices also in-
creases. Furthermore, the size of the pion condensate
(see Eq. (44)) increases.
4.1. Absence of Neutral Pion Condensation
We have so far assumed that pi0 = 0, which needs
to be justified [23]. In order to check the validity of
this assumption, we consider small fluctuations of pi0
around its assumed value of zero [32]. These fluctua-
tions can be written in the following form:
pi0(t,~x) =∑
n
eiEnt p˜i0(~x) . (45)
Using the equation of motion for pi0, we find that the
linearized equation (“Schrödinger equation") for the
fluctuations in pi0 is:(
∂i∂ i+m2pi −
m2pi
f 2pi
|p˜i+|2
)
p˜i0 = E2n p˜i0 (46)
While we are not aware of any analytical solutions to
this equation, we can solve the equation using finite el-
ement methods in a unit cell (a parallelogram defined
by ~d1 and ~d2) by imposing periodic boundary condi-
tions. The resulting dispersion relation is
E20 = p
2
i +m
2
pi +δ , (47)
where δ is the ground state “energy" of the periodic
potential, −m2pi
f 2pi
|p˜i+|2. It depends on the external mag-
netic field Bext and the isospin chemical potential µI .
We note that δ ≤ 0 (see Table 1 for some numeri-
cal values), which can be argued variationally using
a uniform distribution for p˜i+ that trivially satisfies pe-
riodic boundary conditions, and δ ≥−m2pi
f 2pi
|C|2. Our re-
sults suggest that within the regime of validity of χPT
and the method of successive approximation used in
Bext,γ 1.1 1.5 2.0
0.99 Bc -31.2906 -115.599 -169.342
0.95 Bc -156.487 -578.072 -846.78
Bext,γ 2.5 3.0
0.99 Bc -197.442 -213.695
0.95 Bc -987.265 -1068.51
Table 1: The “gap" (δ ) in MeV2 for different values of Bext and
γ ≡ µImpi .
this work, the dispersion relation never becomes tachy-
onic: there is no neutral pion condensation in the vor-
tex lattice near the upper critical field. Therefore, the
phase diagram for type-II superconductivity of as sug-
gested by Fig. 2 is consistent at (or near) the two crit-
ical fields. Our calculations, however, do not preclude
neutral pion condensation within magnetic vortices en-
tirely. (see Fig. 5)
5. Conclusion
In this work, we have studied finite isospin χPT in
an external magnetic field (at the classical level) sim-
ilar to studies of the Abelian Higgs Model. χPT is
richer than the Higgs model due to the presence of
derivative interactions, which emerge as a consequence
of the symmetry breaking patterns of QCD and the fact
that pions are Goldstone modes. There are obviously
qualitative similarities both in the structure of the con-
densation energy and the vortex lattice structure. How-
ever, there is the added complication of the fact that
there is an additional (electromagnetically) neutral de-
gree of freedom that couples with the charged pions
through strong interactions. We found that these neu-
tral pions do not condense in the vortex lattice. Previ-
ously, we established this was the case in a single vor-
tex [19]. However, this does not mean that there aren’t
more exotic possibilities: one such example present in
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Figure 5: The plot shows a possible phase diagram for finite isospin
chiral perturbation theory with a region of neutral pion condensation,
which is ruled out near the two critical magnetic fields.
Fig. 5. It consists of an “island" with neutral pions
condensing in the vortex lattice away from both criti-
cal fields.
Additionally, it is worth noting in light of the spec-
trum (Landau levels) of spin-0 scalar fields, in a uni-
form, external magnetic field that the effective mass
(gap at zero momentum and zero isospin) of a charged
pion becomes
meffpi (Bext) =
√
m2pi + eBext . (48)
As such one might expect the transition to a diamag-
netic phase to occur for µI ≥meffpi . This work including
and our previous work in Ref. [19] is consistent with
first turning on the isospin chemical potential starting
at zero until µI >mpi such that the system is in the pion
condensed, superfluid state first and only subsequently
turning on the external magnetic field. Since the pion
superfluid is charged it behaves as a superconductor
when the external field is turned on and prevents pene-
tration by the external magnetic field.
In summary, we analyzed vortex lattice solutions us-
ing only the classical Lagrangian and have so far ig-
nored the role of temperature [33], quantum fluctua-
tions and quasi-momentum excitations of the hexag-
onal vortex lattice. These excitations [31] are known
to play an important role in determining the stability
of the lattice structure and the resulting phonon spec-
trum. These issues will be investigated in future work.
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